The synchronization is very important technology in the field of Cellular Neural Networks (CNNs) due to its various applications from the biological, environmental to communication points of view. This paper deals with the parametric synchronization phenomena in large-scaled oscillating CNN. When we determine adequate parameters for the amplitude and frequency in the large-scaled oscillating CNNs with non-oscillating cells, the CNN oscillates in various ways depending on their conditions. In this paper, we have exhibited that both of multi-amplitude and multi-phase synchronization are generated by their parameters. 
The synchronization is very important technology in the field of Cellular Neural Networks (CNNs) due to its various applications from the biological, environmental to communication points of view. This paper deals with the parametric synchronization phenomena in large-scaled oscillating CNN. When we determine adequate parameters for the amplitude and frequency in the large-scaled oscillating CNNs with non-oscillating cells, the CNN oscillates in various ways depending on their conditions. In this paper, we have exhibited that both of multi-amplitude and multi-phase synchronization are generated by their parameters. To demonstrate it, we simulate multi-dimensional CNNs of 4 4 × (16 cells), 8 8 × (64 cells) and 16 16 × (256 cells) and check the synchronization phenomena. Each cell has an inductor L , a capacitor C and a complex nonlinear conductance as ( ) i f v = . We find that the synchronization phenomena are similarly occurred from the small networks to the larger one. We give a basic theoretical viewpoint for interesting numerical experiment results for the synchronization phenomena. We have used 256 cells CNN for simulation and numerical calculation in this paper.
This paper is intended to contribute to show such higher dimensional synchronization in the large-scaled CNNs. That is, the concentration has been made on the parameters of the cell that contains a inductor L , a capacitor C and a complex nonlinear function ( ) i f v = as a conductance. It becomes clear that although the initial value of each cell can also play important role in the synchronization phenomena, we have not totally relied on initial value for synchronizations. The nonlinearity in each cell and the LC parameters control the synchronizations. For multi-amplitude synchronization, it is important to deals with complex nonlinearity in individual cells within the same networks. The circuit model is as of Fig. 1 
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The following is the simulation for multi-amplitude synchronization, we keep the parameters of nonlinear conductance constant and the changed only the value of γ . To see four In this paper, we could show multi-amplitude and multi-phase synchronizations based on change in parameters in large-scaled oscillating nonlinear CNNs with non-oscillating cells. As a result, we find that the complex nonlinear conductance ( ) i f v = plays imporatant roles for the multi-amplitude and multi-phase synchronization phenomina. As the future work, we would like to describe and give more theoritical proofs for multi-solutions and construct the actual CNN system for the communication with multi-modulations. 
Introduction
The synchronization of high dimensional system is an important topics on nonlinear research field these days. Cellular Neural Networks (CNNs) are dynamic arrays of simple circuit unit that can be easily implemented using VLSI technique (1) (2) . There has been number of research carried out in the field of CNN related to synchronization. Generally, the CNN contains a capacitor, a resistor in each cell and the nonlinear output such as Piece-wise Linear (PWL) is connected to neighboring cells. The CNN phenomena depends on the input and the state of all cells located within a prescribed sphere of influence or neighborhood size.
Recently it is known that the interconnected neural networks can exhibit extremely complex behavior as synchronization. That is, two identical dynamical systems, starting from different initial conditions, can be synchronized by a common external signal which is coupled to the two systems (3)- (5) . However, it is not known whether the large-scaled CNNs with non-oscillating cells oscillate with both of multi-amplitude and multi-phase synchronization. And then it is very interesting and important that we are more focused on synchronizing the internal signal in the single complicated complex CNN in the form of individual cell having nonlinear dynamics in this paper. This paper is intended to contribute to show such higher dimensional synchronization in the large-scaled CNNs. That is, the concentration has been made on the parameters of the cell that contains an inductor L, a capacitor C and a complex nonlinear function i = f (v) as a conductance. It becomes clear that although the initial value of each cell can also play important role in the synchronization phenomena, we have not totally relied on initial value for synchronizations. The nonlinearity in each cell and the LC parameters control the synchronizations. For multi-amplitude synchronization, it is important to deals with constants of complex nonlinearity in individual cells within the same networks. In this paper, we categorize four types of synchronizations depending on frequencies and the amplitude modulations. Keeping the frequency constant, we observe the synchronization towards the amplitude and the time. And on the other hand, changing the frequency, we observe the synchronization towards the time. To predict the possibilities of synchronization in large-scaled CNNs, we first simulate the 16 cells CNN and then 64 cells CNN. And then finally we simulate the 256 cells CNN. As the small-scaled CNN and large-scaled CNN shows the similar phenomena basically. We give a basic theoretical viewpoint for interesting numerical experiment results for the synchronization phenomena and compared it with theoretical values. We have used 256 cells CNN for simulation and numerical calculation in this paper. 
Behavior of Large-scaled CNN
The large-scaled CNN used in this paper is an oscillating CNN with the cells having complex nonlinear conductance as i = f (v), an inductor L, a capacitor C as It is due to the value of PWLs from adjacent cells. Generally the PWL which is voltage controlled current source from adjacent cells is positive however, we have used the voltage controlled current source which are negative. It is the important behavior of this CNN by which the cells located very far from each other synchronizes.
Parametric Multi-amplitude and Multiphase Synchronization
One of the interesting part of this paper is to see the synchronizations based on parameter determination that synchronizes towards the direction of amplitude and the time. When the LC parametric values of frequency are changed then the phase difference in the oscillating cells occurs.
The phase difference is defined here as time difference between zero crossing points of periodic waves. However, the synchronization takes place towards the direction of time. In the same way, when the parameters for the amplitude-modulation are set differently, the phase difference between cells remains unchanged in many cases but in some cases the small phase difference can be observed too. And our results show that although the complicity is unavoidable, the cell with same parametric value synchronizes with its counterparts disregarding how far they are located to each other as far as possible. In other words, if the Cell 2 and the Cell 254 have same parameters as L, C nonlinear conductance and constants, then these 2 cells synchronizes with each other in any complex networks as far as possible. However, in some cases the small phase difference can seems to be unavoidable.
Initial Values of Each Cells
Initial values plays significant role in the synchronization phenomena. When the initial value is same for all cells as 1(V), 2(V), 3(V) except 0(V), the synchronization does not takes place as Fig. 7 , however in case of 0(V), the transient phenomena takes place at first and while cells keep on oscillating they synchronize with each other depending on their parameters as Fig. 8 . In our paper, we have set random initial values for cells as between -4 to 4. We have discussed the bifurcation due to these initial values in our pervious work (14) .
Self-Oscillating and Non-Oscillating Cells
In this paper, we have used non-oscillating cells whose oscillation depends on its connection with neighboring cells. And the synchronization by these cells depends on the parameters of each cell as a capacitor, an inductor, a nonlinear conductance and the voltage control current source from the adjacent cells. In this paper, we do not have studied to find the efficiency of self-oscillating cells with this CNN and we have kept it as our future work.
Oscillating CNN with Nonlinearity
There are non-oscillating neural networks with a capacitor, a resistor and a current source. An example of such non- oscillating neural networks is Cooperative and Competitive Network (CCNET) proposed by Amari and Arbib (6) (7) . These kinds of non-oscillating neural networks are applied for information dynamics like a winner-takeall operation by equilibrium points. On the other hand, the phenomena of oscillating networks are based on passive LC circuit and the generated negative conductance in each cell.
The paper for synchronization phenomena has been carried out in various fields as physics (8) , biology (9) and electrical engineering (10)- (12) . For example, the researchers are interested in the wave propagation phenomena that phase states between adjacent oscillators change from in-phase to anti-phase or from anti-phase to in-phase inductors as ladder which describes the mechanism of the generation of the phase-inversion waves by using relation between phase states and instantaneous oscillation frequencies (13) . However, we are interested in the oscillation of CNN with non-oscillating cells which each cell with LC and nonlinear conductance although, of course, oscillating frequencies have been taken as LC parameter determination that synchronizes the cells towards the time direction.
The most important point is in the existence of the nonlinear conductance i = f (v) which is used with an inductor L and a capacitor C in a cell. Due to this nonlinearity representation in the each cell, the multiamplitude modulation-based synchronizations are possible. We would like discuss these synchronizations phenomena more based on our circuit model in the next sections.
Circuit Model
CNN is a two-dimensional regular array of N cells, each of which, is described generally by
here, v ij (t) and i The cell equation can be derived in a simple form as
The subscript k1, k2, k3 and k4 are number of the cells that are adjacent to the cell i and the i k is PWL from the neighbouring cells and v k is voltge of the neighbouring cells. The A is a weight which is A = 0.1(A) or A = −0.1(A).
Simulation and Results
We would like to make four kinds of simulation to see the different synchronizations phenomena towards the amplitude and time directions.
Simulation 1: Double Amplitude Synchronization
The simulated is done with the equations (4), (5) and (6) . To see the odd and even number modulation-based synchronization, we simulated the 256 cells network that are divided in two categories depending on complex nonlinear conductance as of equation (7) and (8),
· · · · · · · · · · · · · · · · · · · · · · (8)
In this simulation the simbols α, β and γ are constants. We want to observe the change of states in v k in all the cells with keeping all the other parameters constants. The odd and even number cells are divided by the modulation of sin(·) and cos(·) as shown equation (7) and equation (8) .
Here the parameters are L = 200(µH), C = 20(µF ), α = 0.09, β = 1.7 and γ = 2. The Fig. 9 shows the result of the double amplitude synchonization based on odd and even numbered cells.
In the Fig. 9 , the group of odd number cells C1, C3, · · · , C253, C255 shnchronize towards the amplitude and the time. And the same phenomena occur for the even number cells C2, C4, · · · , C254, C256. This simulation has been done with the random initial values.
To observe, if there is a phase difference in the syn-chronizations, we have highlighten the synchronizations of Fig. 9 in wider range as the Fig. 10 . It shows, the perfect synchronizaiton towards amplitude and time directions in the steady state. This is the synchronization towards amplitude based on modulaton of the comlex nonlinear conductance. In the figure, the even numbered cells have synchronized with even-numbered cells and odd numbered cells have synchronized with oddnumbered cells no matters how far they are located from each other.
Simulation 2 : Four Amplitude Synchronization
For four amplitude synchronization, we modify the equation (8) as
In this simulation, we keep the parameters of nonlinear conductance constant and the changed only the value of γ. To see four multi-amplitude synchronizations, we fixed the valuese of γ m where m = 1, 2, 3, 4. The nonlinear conductance is as of equation (9) The Fig. 11 shows the synchronization due to the value difference of γ in the function of nonlinear conductance. Here we can see the four amplitude synchronization towads the amplitude and the time directions. The synchronization dependency is on the value of nonlinear conductance function f (v) where the value of γ is different for each amplitude as mentioned above. Although, we can see clear synchronization towards the amplitude, the small phase difference is there in the synchronizations towards time direction comparing to the Fig. 10 . We can observe this in the wider range in Fig. 12 . It is due to the complexity on changes of γ values in the nonlinear conductance.
Simulation 3 : Double-phase Synchronization
In this simulation, the parameters are set as L = 200(µH), α = 0.09, β = 1.7 and γ = 2. The nonlinear conductance is set as of equation (9) and it is constant in this case. The value of C has been set to C = 40(µF ) and C = 60(µF ) which will automatically change the frequencies in the whole network. This is to see the synchronizations towards time direction with the phase difference depending on frequency or in other word angular velocity. In this simulation the odd number cells as C1, C3, C5, · · · , C253, C255 are simulated with C = 40(µF ) and the even number cells as C2, C4, C6, · · · , C254, C256 are simulated with C = 60(µF ).
The Fig. 13 shows the synchronization towards the time with the dependency on frequency. At the beginning we see the phase transient phenomena. However, while cells keep on oscillating the cells with same param- eters overlap with each other and synchronized towards the direction of time. However, there is small phase difference between synchronized cells in some cases. The Fig. 14 shows the highlight parts of that phase differences. It is very difficult to get the perfect synchronization in the angular frequency-based synchronization comparing to the simulations 1 and 2. However, in some cases we can also observe the perfect synchronizations as shown in Fig. 15 even it is angular frequencybased synchronizations. By this, we observed the angular frequency-based multi-phase synchronization.
Simulation 4 : Multi-phase Synchronization
We simulated 256 Cells keeping all the parameters equal except changing the value of C. We divided the cells in 4 groups depending on value of C. 
Analysis of Synchronization Phenomena
According to harmonic balance method which gives a node voltage solution of nonlinear diffrential equation, expressed by (10) it is assumed that the voltage is a simple cos wave as
The following equation (12) expresses that when the voltage becomes maximum, the capacitor can be removed.
That is, in the vicinity where the voltage becomes the maxmimum v = V max , the capacitive current is zero as
The equivalent ciruit of the Fig. 6 is shown in the Fig. 17 . It is important that the inductor L remains in the equivalent circuit since 
The equation (14) is not zero. Here, t 0 is initial time and t is time of v = V max . Generally, when the capacitive voltage of each cell in all neighboring cells is maximum in the synchonized steady state, the input total current I 0 = (i k1 + i k2 + i k3 + i k4 ) from the neighboring PWL current source is 0.4 [A] where A = 0.1. And the current of 0.4 − f (V max ) is given as input from the left side of inductor L in the equivalent circuit in Fig. 17 . It is easy to obtain the intergrated value of equation. That is, in the equivalent circuit, the algeblaic nonlinear equation
The equation (15) can be solved in order to obtain the different maximum voltages for multi-amplitude synchronations. However, it is difficult to obtain the real solutions because of the complex nonlinear functions such as equations (7) and (8) which are not expressed by the simple cosine or sine function.
It is clear and important here that there are multisolutions which depend on the complex nonlinear funcition i = f (v). For the existance of different maximum voltage for solution of equation (15), we don't discuss the bifurcation in this paper to avoid the complicity since we have discussed it in our previous work (14) . It can be said here that the bifurcation occours for different initial values with dynamical wide range.
The phase difference can be thought by assuming the inductor L and the conductance r = ∂i ∂v
That is, the systhesized admittance Y in the time instance of maximum voltage V max can be derived as equation (17).
The phase difference between the voltage of Y and the current of Y is given by
The angular frequency is 
The tables 1 and 2 show the evalution between theoritical and the numerical calculation.
The numerical experimental results are correct from the view point of theoritical results as of table 1. However, when the C is 40(µF ), it shows highest error percent in case of simulation 3 and 4 while the error percent is less on the other cases. Similarly, the table 2 shows the phase difference of voltage and current for both the theoretical and numerical experiment results which is negligble.
Conclusion
We simulated the CNN dynamics from different view points as changing the value of capacitive value for the change in angular frequency and as making the synchronization dependency on the modulation of complex nonlinear functions with sin(·) and cos(·). The results show that multi-amplitude synchronizations are ocurred with the nonlinearity condition of sin(·) and cos(·) modulation and using these nonlinear conductance is for the perfect synchronization towards amplitude. For example, in the simulation 1, the phase difference between odd numbered cells to odd numbered cells and even numbered cells to even numbered cells is almost nill. However, the results of simulations 3 and 4 show that when more angular frequencies are used in the same network then the synchronization becomes very complex.
In this paper, we could show multi-amplitude and multi-phase synchronizations based on change in parameters in large-scaled oscillating nonlinear CNNs with non-oscillating cells. As a result, we find that the complex nonlinear conductance i = f (v) plays imporatant roles for the multi-amplitude and multi-phase synchronization phenomina. As a future work, we want to find essential difference of self-oscillating cells and the cells used in this paper. We also want to find more behaviors of the proposed CNN.
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